The existence of a "bonus" U(1) level-one Yangian symmetry of N=4 super-Yang-Mills has recently been proposed. We provide evidence for this proposal by constructing the BRST-invariant nonlocal charge in the pure spinor sigma model corresponding to this bonus level-one symmetry. We also construct analogous charges for bonus U(1) symmetries at all odd levels of the Yangian.
Introduction
The four-dimensional N = 4 supersymmetric Yang-Mills theory is invariant under the global superconformal group P SU(2, 2|4). This symmetry is manifest in the super-Yang-Mills equations of motion. Besides these global symmetries, there are also "hidden" non-obvious symmetries which are often referred to as Yangian symmetries. It has been assumed that there are as many of these hidden symmetries as there are generators in the Yangian algebra of psu(2, 2|4). But recently it was proposed in [1] that there is an additional "bonus" Yangian symmetry at level one and evidence for this symmetry was given in [2, 3, 4] .
In the present paper we will construct an infinite family of bonus Yangian charges in the corresponding pure spinor superstring sigma-model. These additional charges extend the P SU(2, 2|4) Yangian symmetries to P U(2, 2|4), but only at the odd levels. By "level" we mean the number of integrals in the most nonlocal term, minus one; for example the superconformal symmetries are at level zero because they are given by a single integral of a local current:
The bonus charges only exist at the odd levels; in particular, the global superconformal symmetries remain P SU(2, 2|4), they do not get extended to P U(2, 2|4). If this additional symmetry were a global superconformal symmetry like (1) , then it would be the "bonus" symmetry described in [5] . The multilocal conserved charges were constructed in the pure spinor formalism in [6, 7] . For example, the following formula was used to describe the conserved charges at level one:
where j are the currents of the global superconformal symmetry, and k is some local expression which is needed for the BRST invariance and the conservation. Notice that j takes values in the Lie superalgebra of the superconformal symmetries, which is psu(2, 2|4). Therefore the standard interpretation of the bilocal charges (2) implies that they take value in psu(2, 2|4). But nothing apriori prevents us from considering the commutator in (2) as an element of su(2, 2|4) -the central extension of psu(2, 2|4). Then we obtain the bilocal charges with values in su(2, 2|4). The new thing here is that we remember the central term which has previously been factored out. Now we have to try to repeat the arguments of [6, 7] and verify that they still hold even if we do keep the central term. We will do it in the present paper. It turns out that the arguments remain valid for the odd level charges like (2), but not for the even level charges like (1) . There are two popular methods for packaging the higher conserved charges. One is to use the multiple integrals like (2) , and the other is to use the monodromy matrix T (z), which depends on the spectral parameter z. The calculations are often more automatic using T (z), but explicitly analyzing the multiple integrals sometimes leads to interesting observations about the BRST complex. We use both approaches in this paper. In Section 3 we study the lift of T (z) to the centrally extended group, and obtain the generating function of the bonus charges in Section 3.2. Then in Section 4 we study the multiple integrals and the contact terms which arise in their BRST variation. We find that the construction of [6, 7] works including the central terms at the level 1, but (as expected) does not work at the level 0. As a biproduct we make observations about the BRST complex at low momentum, which may be useful for understanding the dilaton vertex and the b ghost.
An obvious question is to find a physical meaning for the bonus Yangian symmetries. Although Yang-Mills theory at nonzero coupling is not invariant under the global bonus symmetry, free Yang-Mills theory is invariant since the free action is quadratic and preserves helicity. The sigma model corresponding to free Yang-Mills is at zero AdS radius and was conjectured in [8] to be described by a topological string. Turning on the vertex operator corresponding to the radius modulus deforms this topological sigma model and spontaneously breaks the U(1) bonus symmetry.
One possibility is that the bonus Yangian symmetries at odd levels survive this spontaneous symmetry breaking. If this mechanism of spontaneous U(1) symmetry breaking is correct, the nonlocal conserved charges found in this paper might be analogous to the charges found by Yoneya in [9] which describe the spontaneous breaking of spacetime supersymmetry. It is interesting to point out that the AdS 5 × S 5 sigma model is invariant under a discrete version of the bonus U(1) symmetry which switches the fermionic currents J 1 with J 3 and simultaneously switches the worldsheet coordinates z andz.
Comment on terminology, to avoid confusion Expressions of the form (2) take values in the Lie superalgebra su(2, 2|4). To get a number from such an expression (rather than an element of a superalgebra), we must trace it with an element ξ ∈ pu(2, 2|4):
Similarly for the global charges:
We would like to stress that although (1) and (2) take values in su(2, 2|4), the corresponding charges are parametrized by elements ξ of pu(2, 2|4). The Poisson bracket of q ξ and q η is proportional to q [ξ,η] . The Poisson bracket of I ξ and q η is proportional to I [ξ,η] . Therefore terminologically it is more natural to say that the nonlocal charges are extended (at the odd levels) to P U(2, 2|4). (Rather than to say SU(2, 2|4).)
2 Notations and brief review
Pure spinor sigma-model
The matter degrees of freedom are encoded in the group-valued variable g ∈ P SU(2, 2|4). The action is constructed out of the right-invariant current
which is invariant under g → gH, with H ∈ P SU(2, 2|4) being a global parameter. We use notations from Section 2 of [10] . The spectral parameter of the Lax operator will be denoted z. The Lax equation is
where
and N + and N − are Lorentz currents constructed out of the left and rightmoving pure spinor ghosts. We will also introduce l by l = log z
The BRST symmetry acts on the fundamental field g(τ + , τ − ) in the following way:
where λ 3 and λ 1 are constructed from the left and right-moving pure spinor ghosts. The BRST variation of the Lax connection is given by the following expression:
This is true when the equations of motion for λ are satisfied; but the matter equations of motion are not needed for (11).
Nonlocal conserved charges
Let us define the transfer-matrix in the following way:
Observe that:
where j is the density of the global conserved charges:
The BRST variation of the current is:
Similarly we may construct the higher "Yangian-type" currents by considering the higher derivatives with respect to the spectral parameter:
The right hand side is the sum of multiple integrals; the leading term is the n-tuple integral of n global currents (14) , and the subleading terms are the integrals of lower multiplicity. We observe:
so it is automatically BRST-closed.
3 From P SU (2, 2|4) to SU (2, 2|4)
The worldsheet g takes values in the group manifold P SU(2, 2|4). Therefore the transfer matrix T also takes values in P SU(2, 2|4).
Lifting g
Let us, however, consider some arbitrary lift of g from P SU(2, 2|4) to SU(2, 2|4). After we lift g, it makes sense to consider T defined in (12) also as an element of SU(2, 2|4). It is natural to ask the following questions:
1. there are many ways to lift g from P SU to SU; is T independent of the choice of the lift of g?
is it true that the lifted T is BRST-closed?
3. is it true that the lifted T does not depend on the contour?
It turns out that the answers to all of these questions are negative. Let us for example consider the first question:
• what happens when we change g → e iφ g where φ is a real-valued function of τ + and τ − ?
It turns out that T does change. The variation comes from the variation of J 2 = −(dgg −1 )2, and equals to the following expression:
The second term in the parenthesis is reduced to boundary terms, but the first one is an essential bulk term.
Notice that most of the components of T (z) do not depend on the choice of a lift, only the "central component" does. To capture this "central component", we will introduce the following notation:
where s =
Let us think of T (z) as an 4|4 × 4|4 matrix. We understand log T (z) as a power series expansion in l around l = 0; when l = 0 we get T (z = 1) = 1. Equation (18) implies that C(z) is not a well-defined function on the string phase space, because it does depend on the lift of g. But the dependence on the choice of the lift is rather simple. When we change g → e iφ g we get:
The second term in parentheses is a total derivative, but the first one is not.
Construction of additional charges
Let us pick N complex numbers z 1 , . . . , z N satisfying:
and consider I(z 1 , . . . , z N ) defined as follows:
Eq. (20) implies that up to boundary terms I(z 1 , . . . , z N ) does not depend on the choice of a lift. In particular, let us consider N = 2, z 1 = z and z 2 = z −1 . Define I(l) as follows:
Expanding in powers of l we get:
etc.
, etc. This gives an infinite family of bonus charges.
Independence of the deformation of the contour
The equation of motion for currents is only satisfied modulo the central terms. After the lift we have:
where F = F +− dτ + ∧ dτ − is some z-independent 2-form taking values in the center of su(2, 2|4). This implies that the variation of T under the change of the contour C is:
where v is the section of the normal bundle to the contour, which describes its variations. This implies that the variation of (22) is zero, i.e. that (22) is contour-independent.
BRST symmetry and contact terms
In this Section we will discuss the construction of the bonus charges from the point of view of [7] .
Nonlocal charges from multiple integrals 4.1.1 Definition and transformation under conformal supersymmetries
Let us try to construct the bonus charge as in [7] :
where:
and j(σ) are the conserved currents for the global P SU(2, 2|4) symmetries. Contact terms prevent the double integral in the first term of (30) from being contour-independent on its own. But sometimes it is possible to compensate its variation by the variation of the second term, which is a single integral of a local expression. Under global P SU(2, 2|4) transformations parameterized by Ω, the first term of (30) transforms into Str s [Ω, 
BRST variation
Since j(σ) is BRST-closed, ǫQ j = d Λ(ǫ) for some Λ(ǫ) satisfying QΛ(ǫ) = 0. Using the notation of [11] , one finds that
The BRST variation of the double integral therefore gives:
The double integral became a single integral. As a check, let us verify that (34) is Q-exact:
As was explained in [7] , the construction of multilocal charges requires that the following expression:
is Q-exact. Using (33),
The pure spinor constraint implies that λ 
plus the following expression, which does not contain g:
It will now be shown that (39) is Q-exact.
BRST triviality of the central terms
Equation (39) can be rewritten either using the notations of [12] :
or the gamma-matrix notations:
where α = 1 to 16 is an SO(9,1) spinor index, F αβ is the RR 5-form field strength contracted with five Γ-matrices, and λ α L and λ α R are the left and right-moving d = 10 pure spinors. The relation to the notations of [12] is:
The expression (39) is obviously BRST-closed, but it is also BRST-exact. In order to demonstrate that it is BRST exact, we consider a special class of ghost number 1 vertices which was introduced in [13] . Consider the following decomposition of the Lie superalgebra g = u(2, 2|4):
where g even is the even subalgebra and g + and g − consist of the matrices of
, respectively. We start with a variant of the Gauss decomposition of g:
where θ ± ∈ g ± , x ∈ g even (45)
We then define the ghost number one expression as follows:
In the gamma-matrix notation this equals to:
Then Q of this V (g, λ, ǫ) equals (39):
It is not immediately obvious why the RHS of (48) does not contain terms quadratic or higher power in θ. We will prove it using the results of [12] .
Lemma:
Proof: The action of BRST symmetry in the coordinates (44) was computed in [12] :
Then (49) follows from the following observations:
which follow from symmetries. In the gamma-matrix notations, the vanishing of these terms can be seen in the following way. Observe that the second term on the RHS of (50) can be written as:
Similarly, Q R θ + results in a similar expression but with the overall minus sign. Then we get, e.g.,
(This would be zero even if λ were not pure, just because of the symmetry.) This means that the following expression:
is Q-closed, and therefore also Q-exact since the BRST cohomology is trivial for operators of non-zero conformal weight. The expression (58) can be also presented in the following way:
Setting (58) equal to Q(...), one finds that (30) is BRST-closed. The last term in (58) appears rather mysterious. It cannot be expressed in manifestly P SU(2, 2|4) covariant notation, so it is unclear if the arguments of [7] can be used to prove that the bonus Yangian symmetries survive after including quantum corrections. Furthermore, the operator
bears a certain resemblence to the zero-momentum dilaton vertex operator in bosonic string theory which can be expressed as [14] 
where c L and c R are the left and right-moving reparameterization ghosts. Note that V D is not BRST-trivial in the semirelative cohomology, i.e. if one requires that the zero model of b L − b R annihilates the gauge parameter. It would be interesting to study further the resemblence of (60) and (61) using the AdS 5 × S 5 b ghost constructed in [15] . However, in this paper, we will explain the structure of (60) in a different way in the following Section 4.2.
Lifted BRST operator and compensating gauge transformation 4.2.1 BRST transformation of the components of currents
With the lifted g and the BRST operator still defined by (10), we have:
where the left hand side and the right hand side are both taken at z = 1. Equation (62) is the same when g and J are lifted to SU(2, 2|4) and su(2, 2|4), as it was when we considered them as elements of P SU(2, 2|4) and psu(2, 2|4). What changes, however, is that after the lift the BRST operator defined by (10) is not nilpotent:
This results in the following variation of J [z] :
This means that the right hand side of (62) is not BRST-closed 2 .
Fixing the gauge
The lifted Q is not nilpotent, but its square is the u(1) gauge transformation. Therefore we can make the lifted Q nilpotent if we fix the u(1) gauge, i.e. choose a particular lift. The following gauge is convenient:
where θ ± ∈ g ± , x ∈ g even , Str (sx) = 0
where the notations are the same as in (43). What actually fixes the gauge is the condition Str (sx) = 0. We modify Q by adding to it the compensating gauge transformation, so that the resulting Q preserves the gauge:
where c(g, λ) is an appropriate u(1) gauge compensator, proportional to the unit matrix. This compensated Q is automatically nilponent:
which implies that the BRST variation of c is given by:
We observe that the variation of J [z] under the compensating gauge transformation is given by:
2 The last term −d{λ 3 , λ 1 } was present even before the lift, but it only results in the boundary terms. The new terms −d z −2 λ 2 3 + z 2 λ 2 1 are z-dependent; this is because the unit matrix has Z 4 -grading2, rather than0
Lifted global currents are not BRST closed
Let us try to lift the conserved current corresponding to the global symmetry, using the gauge (65). We observe that the BRST variation of the lifted global conserved current is not a total derivative:
The extra term 2 * dc comes from the compensating gauge transformation (70) of J2. We conclude that we cannot lift the local conserved charges corresponding to the global symmetries. Therefore the global symmetries are indeed only P SU(2, 2|4), and not SU(2, 2|4). Notice also that in the bilocal charges (30), in the variation of the double integral, the term 2 * dc enters as the commutator [j , 2 * dc], and this vanishes because c is in the center.
Explanation of Eq. (59)
Let us now return to the discussion of the contact term in the BRST variation of the bilocal charges. We have the following modification of (62):
dl , dǫλ 
This means that (72) agrees with (59). This explains the last term in Eqs.
(58), (59) and shows that (58) equals to ǫQ g
dl 2 g in the gauge (65).
Summary of the double integral construction
We conclude that the following bilocal charge is BRST-closed up to boundary terms, including the u(1) part:
where j = g −1 dJ dl l=0
g and k = g
g. Notice that a different choice of a lift of g would change k by adding to it a total derivative, and c of (72) by a BRST exact expression.
In fact (74) is equal to I 2 given by (25). The subtraction of (T ′ ) 2 turns 2 σ 1 >σ 2 j(σ 1 )j(σ 2 ) into σ 1 >σ 2 [j(σ 1 ), j(σ 2 )], which is necessary for the u(1) gauge invariance (see the end of Section 4.2.3).
Eq. (74) is essentially the same as in [7] , except for in [7] it was only claimed up to the central terms, in other words up to u(1). The current paper shows that actually the u(1) part of the same expression (74) is also BRST closed and contour-independent (up to boundary terms). This corresponds to the bonus symmetry of [1] .
